

















United Nations Educational Scientic and Cultural Organization
and
International Atomic Energy Agency
THE ABDUS SALAM INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS
STEEPEST DESCENT METHOD
FOR A CLASS OF NONLINEAR EQUATIONS
C.E. Chidume
1




Department of Mathematics and Computer Science, Nnamdi Azikiwe University,
P.M.B. 5025, Awka, Anambra State, Nigeria
3
and
The Abdus Salam International Centre for Theoretical Physics, Trieste, Italy.
Abstract
Let E be a real uniformly smooth Banach space and let A : E 7! E be a  -strongly quasi-
accretive operator such that the equation Ax = f has a solution x

2 D(A). We introduce a
generalized steepest descent method and prove that it converges strongly to x

. Our iteration
parameters are independent of the geometry of E. We also obtain explicit convergence rates.
Furthermore, we provide an armative answer to a question raised by Li-Shan Liu (see Math.











Let E be a real normed linear space. A mapping U with domain D(U) and range R(U) in E
is said to be accretive if 8 x; y 2 D(U) and 8 s > 0 the following inequality holds
kx  yk  kx  y + s(Ux  Uy)k
Let E

denote the dual space of E and let J : E 7! 2
E

denote the normalized duality mapping















where h:; :i denotes the generalized duality pairing between elements of E and E

. Using a result
of Kato [19], it turns out that U is accretive if and only if 8 x; y 2 D(U) 9 j(x  y) 2 J(x  y)
such that
hUx  Uy; j(x  y)i  0
The mapping U is said to be strongly accretive if there exists a positive constant  such that
U   I is accretive where I is the identity map of E.
The map U is said to be  -strongly accretive if there exists a continuous, strictly increasing
function  : [0;1) 7! [0;1) with  (0) = 0 such that 8 x; y 2 D(U) the following inequality
holds
hUx  Uy; j(x   y)i   (kx   yk)kx  yk (1)
Let N(U) := fx 2 E : Ux = 0g. If N(U) 6= ; , and (1) holds 8 y 2 N(U) and x 2 E then U is
said to be  -strongly quasi-accretive. In the special case in which  (t) := kt for some k 2 (0; 1)
and (1) holds 8y 2 N(U) and 8x 2 E , then U is called strongly quasi-accretive. If k = 0, U is
called quasi-accretive.
Closely related to the accretive maps is the class of pseudocontractive operators where an
operator T is said to be pseudocontractive,(strongly pseudocontractive,  -strongly pseudocontrac-
tive, or hemicontractive) if the operator U = I   T is accretive (strongly accretive,  -strongly
accretive, or quasi-accretive) respectively. Thus, the mapping theory of accretive operators is
closely related to the xed point theory of pseudocontractions. These classes of operators have
been studied extensively by various authors (see e.g., [1-15, 17-38]). A mapping T is said to
be demicontinuous if it is continuous from the strong to the weak topologies on E; that is, if
fx
n








as n ! 1 where * denotes weak
convergence.
The accretive operators were introduced by Browder [1] and Kato [18] and are of interest
mainly because of the fact that many physically signicant problems can be modelled in terms
of an initial-value problem of the following form;
dx
dt
+ Ux = 0; x(0) = x
0
(2)
where U is of the accretive-type in an appropriate Banach space. Such evolution equations arise
typically in models involving heat, wave or Schrodinger equations.
Observe that elements of N(U), the kernel of U, are precisely the equilibrium points of
the system (2). Consequently, considerable eorts have been addressed to developing tech-
niques for constructing the zeros of accretive-type operators (or equivalently, the xed points of
2
pseudocontractive-type operators) (see e.g., [3-14, 16, 19-38]). In this connection, but in Hilbert












2 H; n  0 (3)
and proved that if:
(i) T = I + U , where U is accretive and Lipschitzean and I is the identity map on H;
(ii) c
n
=  2 (0; 1);n  0
then the sequence fx
n
g dened by (3) converges strongly to an element of N(T). This result
has been extended in several directions by various authors (see e.g., [3-14, 19, 22-29, 34-35, 37-
38]). Very recently, Morales and Chidume [22] obtained the following result which generalizes
and extends several important known results in this connection (see, e.g., the introduction and
remarks in [22]):
Theorem MC ([22])Let E be a uniformly smooth Banach space and let A : E 7! E be a
bounded demicontinuous mapping which is also  -strongly accretive on E. Let f 2 E and let
x
0
2 E be an arbitrary initial value. Then there exists a real constant r
0










  f);n  0 (4)
converges strongly to the unique solution of the equation Ax = f , provided that the real sequence
fc
n
g satises the following conditions:



















In Theorem MC, the b in condition (iii) is a function which depends on the geometry of
the underlying Banach space E (see e.g. [22]). Consequently, condition (iii) is, in general, not
convenient in applications. Nevanlinna and Reich (Israel J. Math. 32 (1979), 44-58), however,
have shown that for any given continuous nondecreasing function b with b(0) = 0, sequences
f
n
g always exist such that (i) 0 < 
n










) < 1. If
E = L
p






, with s = p if 1 < p  2 and
s = 2 if p  2.
Observe that this condition implies lim c
n
= 0.
It is our purpose in this paper to rst extend Theorem MC to a generalized steepest descent
method: an Ishikawa-type iteration process (see e.g., [11-13], [19], [38]) and then to weaken
condition (iii) to lim c
n
= 0, which is independent of the geometry of E. Furthermore, we
obtain explicit convergence rates. Our method, which is of independent interest, also provides
an armative answer to a question raised by Li-Shan Liu (see Math. Review 96f:47107) in a
setting even much more general than it is posed.
2 Preliminaries







(kx+ yk+ kx  yk)  1 : kxk = 1; kyk = 

;  > 0
3
The Banach space E is said to be smooth if 
E








It is known that if E is smooth then the duality map J is single-valued and if E is uniformly
smooth then J is uniformly continuous on bounded sets. For our next result, we need the notion












: f(y)  f(x) + hy   x; x

i; 8y 2 Eg
Lemma 1 Let E be an arbitrary real Banach space. Then for arbitrary x; y 2 E there exists





+ 2hy; j(x + y)i (5)









; u 2 E
Then, for any u;w 2 E we have that
'(w)   '(u)  hw   u; j(u)i





+ 2hu  w; j(u)i
Set u := x+ y and w := x to obtain the inequality (5) and the proof is complete. 2
We shall also need the following results.
Lemma X-R ([35]) Let E be a uniformly smooth Banach space. Then there exist positive













































; n  0 (7)
Then 
n
! 0 as n!1 .
3 Main Results
We prove the following theorems.
4
3.1 Iterative solution of the equation Ax = f
Theorem 1 Let E be a uniformly smooth Banach space and let A : E 7! E be a bounded  -
strongly quasi-accretive operator such that the equation Ax = f has a unique solution x

2 D(A)
for any xed f 2 E. Then there exists a real number 
0









satisfy the following conditions:













































  f); n  0 (9)
converges strongly to x

.




























k. We now make the following denitions:
a
0


























where D and C are the constants appearing in (6). Observe that if kAx
0
k = 0 then we are
done since the Theorem is trivially true in this case. So, we assume that kAx
0





()! 0 as  ! 0. Hence, we can choose 
0




































> 0 there exists 

> 0 such that
kx  yk  

=) kj(x)   j(y)k  "


































































Claim 1 The sequence fx
n
g is bounded.
Suppose the contrary, for contradiction, and let n
0







































































































































































































































































































































































































































































































































































































































































































+ 1, in which case we have that the sequence is bounded, or there
exists an integer k  n
0












, in which case



























































8n  0 contradicting the
assumption that the sequence is unbounded. Thus, fx
n
g is bounded (and fy
n
g is also bounded).





















8n  0 (16)














Dene the function  : [0;1) 7! [0; 1) by
(r) :=
 (r)
1 + r +  (r)
where  is the function appearing in (1). It is easy to see that (r) = 0 () r = 0 and that
hAx; j(x   x










1 + kx  x
































k) =  > 0 for some positive number . So , there exists
an integer N
0





















































Hence, 8n  N
0







































































































































































































































Then (17) now becomes

n+1






which is exactly the same as (7). Hence, 
n





















k)! (0) = 0








































































































































































































! 0 as j !1. Thus, given any " > 0 there exist a j
0






















; 8 n  N
1
and also an integer N
2


















































< "; 8 k  0












































































































































 "; 8k  0. Since





! 0 as k !1 that is, 
n
! 0 as n!1. This completes
the proof. 2
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  f); n  0 (18)

















Then, the conclusion of Theorem 1 still holds.
Corollary 2 Let E be a uniformly smooth Banach space and let A : E 7! E be a bounded




g satisfy the conditions




generated by (8) and (9) converges strongly to the
unique solution x

of the equation Ax = f .
Proof. By a result of Kartsatos [17], A(E) is an open set, but since A(E) is known to be
closed, then A is surjective and hence the equation Ax = f is solvable for any xed f 2 E. The
rest of the argument now follows as in Theorem 1. 2
3.2 Iterative solution of the equation x + Ax = f
Observe that the identity mapping on E satises all the conditions on  . Thus, if A is quasi-
accretive then the operator G = I+A is  -strongly quasi-accretive with  (t) = t. Consequently,
the iterative solution of the equation x+Ax = f readily follows from Theorem 1 above. Recall
that an operator U is called dissipative if ( U) is accretive. The other notions of dissipativity
are similarly dened. Suppose that the operator A is quasi-dissipative. Then, it easily follows
that the operator T = I   A is again  -strongly quasi-accretive with  (t) = t. This implies
that the iterative solution of the equation x Ax = f readily follows >from Theorem 1. Hence,
we have the following results.
Theorem 2 Let E be a uniformly smooth Banach space and let A : E 7! E be a bounded
quasi-accretive operator such that the equation x + Ax = f has a solution x

2 D(A) where

































  f); 8n  0 (20)
converges strongly to x

.
Proof. Observe that the operator (I + A) is  -strongly quasi-accretive. Thus, Theorem 1
applies. 2
Corollary 3 Let E be a uniformly smooth Banach space and let A be a bounded dissipative
operator such that the equation x   Ax = f has a solution x

2 D(A) where f 2 E is an





























  f); 8n  0 (22)




3.3 Fixed Points of 	-Strong Hemicontractions
Theorem 3 Let E be a uniformly smooth Banach space and let T : E 7! E be a  -strong
hemicontraction such that (I   T ) is bounded and T has a xed point x

2 D(T ). Then there
exists a positive real number 
0




iteratively generated from an
arbitrary x
0






















); n  0 (24)












Proof. If we set A = (I   T ) , then A is a bounded  -strongly quasi-accretive mapping. The
hypotheses of Theorem 1 are then satised since x

is a zero of A if and only if it is a xed
point of T. The proof is complete. 2
Corollary 4 In Theorem 3 let the sequence fx
n











); n  0 (25)
where the real sequence fc
n
g satises the conditions in Corollary 3. Then the conclusion of
Theorem 3 still holds.
3.4 Fixed Points of Quasi-nonexpansive maps
In the special case where A = I   T and T is quasi-nonexpansive (i.e., the xed point set
F (T ) := fx 2 E : Tx = xg 6= ; and kTx  Tx

k  kx  x

k for all x 2 D(T ) and x

2 F (T ) ),
our next corollaries prove that, in a certain sense, the condition kx   Txk  f(d(x; F (T ))),





2 F (T )g, is sucient for the strong convergence of the iteration processes (8), (9) and (18)
to a xed point of T .
Corollary 5 Let E be a uniformly smooth Banach space, let K  E be a nonempty closed
and convex subset of E and let T : K 7! K be a quasi- nonexpansive mapping. Then, for any
initial guess x
0
2 K, the iteration process (8) and (9) converges strongly to a xed point x

of








; F (T ))); 8n  0
Corollary 6 In Corollary 6, let the iteration process be generated by (18), then the conclusions
of Corollary 6 holds.
3.5 Conclusion
Remarks 1 1. The methods of our proof easily carry over to the case of set-valued maps
since we can make suitable single-valued selections under the hypotheses of our theorems
so that the rest of the arguments then become identical with those of this paper.



























3. In [19] (see also, Math. Review 96f:47107), Liu proved that if the sequence fx
n
g is bounded
and A is strongly accretive and Lipschitzian, then iteration processes of the Mann and
Ishikawa types converge strongly to a solution of the equation Ax = f in uniformly smooth
Banach spaces. The question of whether or not the assumption that the sequence fx
n
g
be bounded can be weakened was asked by Liu (see e.g., Math. Review 96f:47107). Claim
1 of our Theorem 1 proves that even in the more general setting of our theorems, the
sequence fx
n
g is always bounded.
4. Several results on the strong convergence of the steepest descent method to a solution
of the equation Ax = f , where A is  -strongly quasi-accretive, in uniformly smooth
Banach spaces have been established (see e.g., [9, 22, 24, 35]). The results in [35] contain
a gap. More precisely, while the authors in [35] are trying to prove the boundedness of
the sequence fx
n
g, it can be noticed that formula (2.11) (p.347 of [35]) holds for n = n
j
,
but not necessarily for its successor. This gap is inherited in [9]. The main result in
[22] lls this gap but uses an iteration parameter that is dependent on the geometry of
E. The results in [24] are very special cases of our theorems since they are established
in q-uniformly smooth Banach spaces and for Lipschitz maps. Moreover, the iteration
methods considered in [9], [22] and [35] are special cases of our iteration method in which

n
 0 8n  0. Our theorems, therefore, generalize and unify most of the important
known results in this connection.
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